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Abstract. Long term solar system dynamics is a tale of orbital resonance phe-
nomena. Orbital resonances can be the source of both instability and long term
stability. This lecture provides an overview, with simple models that elucidate our
understanding of orbital resonance phenomena.

1. INTRODUCTION

The phenomenon of resonance is a familiar one to everybody from childhood. A very
young child is delighted in a playground swing when an older companion drives the
swing at its natural frequency and rapidly increases the swing amplitude; the older child
accomplishes the same on her own without outside assistance by driving the swing at
a frequency twice that of its natural frequency. Resonance phenomena in the Solar
system are essentially similar – the driving of a dynamical system by a periodic force at
a frequency which is a rational multiple of the natural frequency. In fact, there are many
mathematical similarities with the playground analogy, including the fact of nonlinearity
of the oscillations, which plays a fundamental role in the long term evolution of orbits
in the planetary system. But there is also an important di↵erence: in the playground,
the child adjusts her driving frequency to remain in tune – hence in resonance – with
the natural frequency which changes with the amplitude of the swing. Such self-tuning
is sometimes realized in the Solar system; but it is more often and more generally the
case that resonances come-and-go. And, as we shall see, resonances can be the source of
both instability and long term stability.

There are three general types of resonance phenomena in the Solar system involving
orbital motions: (i) spin-orbit resonance: this is a commensurability of the period of ro-
tation of a satellite with the period of its orbital revolution; the “external driving” in this
case is the gravitational tidal torque from the planet which is non-vanishing if the satellite
is irregular in shape; (ii) secular resonance: this is a commensurability of the frequencies
of precession of the orientation of orbits, as described by the direction of perihelion (or
periapse) and the direction of the orbit normal; and (iii) mean motion resonance: this
is intuitively the most obvious type of resonance in a planetary system; it occurs when
the orbital periods of two bodies are close to a ratio of small integers. All of these are
of course self-excited resonances, as they involve commensurabilities of the frequencies
associated with internal degrees of freedom determined by gravitational forces internal
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Secular Resonance

https://www.youtube.com/watch?v=WuuPoNZvThQ








Mean Motion Resonance vs. Eccentricity









Simulations of Mercury’s Eccentricity

• Laskar & Gatineau (2009) 

• also Batygin & Laughlin (2008)

Brown & Rein (2020): an error of 0.38 
millimeters in measuring the position of the 
Mercury today makes it impossible to predict its 
eccentricity in just over 200 million years' time









What about the other planets?





Colloquium question

Does the trend in dynamic packing tell us anything about 
how likely it is a planet forming system will eject a planet? 
For example, if there are many systems on the edge of 
stability, was it likely a planet was ejected to reach the 
stable state?
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Figure 6: Orbits of the distant Kuiper belt objects in physical space. The 14 illustrated objects have semi-
major axis a � 250 AU, perihelion q � 30 AU, and inclination i  40 deg. The arrows depict the perihelion
directions measured from the position of the Sun, where all of the vectors extend out to 250 AU to illustrate
the non-uniformity of their apsidal orientations. The locations of the first, second, and third quartiles corre-
sponding to the $�distribution of (meta)stable objects is marked on the surrounding circle. The polar inset
plot shows the positions of the angular momentum vectors of the same 14 KBOs, where the radial coordinate
informs the orbital inclination and the azimuthal angle corresponds to the longitude of ascending node. The
mean polar coordinates of stable and metastable KBOs are marked by the ⌦ sign, and the dispersion of the
vectors around the mean is shown with a dotted circle. Each object is color-coded in accordance with its
present-day dynamical stability as follows. Orbits depicted in purple correspond to the Neptune-detached
population, and have dynamical lifetimes much longer than the age of the solar system. Orbits shown in
green experience comparatively rapid dynamical chaos due to interactions with Neptune. An intermedi-
ate class of orbits that only experience mild di↵usion over the age of the solar system are shown in gray.
Note that the dynamically (meta)stable objects exhibit significantly tighter apsidal confinement as well as
clustering of the orbital poles than their unstable counterparts.
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Clustering of Extreme TNO orbits

Batygin et al. (2016)



Survey Bias?

No Evidence for Clustering in the Extreme TNOs 9

For the sake of completeness, we also use a more traditional sampling method to determine the significance of
the clustering of ETNOs. We begin by performing a Gaussian kernel density estimate on each survey’s posterior
distributions. We then perform 105 iterations in which we randomly draw N points from each survey’s posterior
distribution (where N is the number of ETNOs detected by the survey) and multiply each of the N probabilities
together to calculate a likelihood. Finally, we calculate the same metric for each survey’s actual detections and
compare the value to the distribution of our samples. As before, the probability for each survey is the fraction of
the 105 sample likelihood values that the survey’s actual likelihood value exceeds. Rounded to the nearest 1%, the
probability for each survey is as follows: PDES ⇠ 0.06, POSSOS ⇠ 0.41, and PST ⇠ 0.43. The joint probability is thus
17%.
For a more physically intuitive representation of the survey bias, refer to Figure 6. Here the radial quantity represents

the barycentric distance, and the azimuthal quantity represents true longitude (the true anomaly + $). The edge of
the black circle is at 30 au. The white regions represent the combined surveys’ sensitivity (brighter regions correspond
to higher sensitivity), weighted by the number of real ETNO detections. The red dots represent the real ETNOs at
the epoch of discovery. The observations are in good agreement with the combined selection function, qualitatively
confirming the conclusions of our formal statistical analysis performed on canonical variables.

Figure 6. Combined ETNO selection function for all three surveys. The radial quantity is the ETNO’s barycentric distance,
and the azimuthal quantity is true longitude. The edge of the black circle is at 30 au. The white regions represent the combined
surveys’ sensitivity (brighter regions correspond to higher sensitivity), weighted by the number of real ETNO detections. The
red dots represent the real ETNOs at the epoch of discovery. The outer ring is caused by the 50 au tracking criterion imposed
by ST.

4.1. DES Supernova Fields

Napier et al. (2021)



It’s not over yet…

“We find a P9 mass of 6.2 +2.2 −1.3 Earth masses, semimajor axis of 380+140 
−80 AU, inclination of 16 ± 5 ◦ and perihelion of 300+85 −60 AU. Using samples 
of the orbital elements and estimates of the radius and albedo of such a planet, 
we calculate the probability distribution function of the on-sky position of Planet 
Nine and of its brightness. For many reasonable assumptions, Planet Nine is 
closer and brighter than initially expected, though the probability distribution 
includes a long tail to larger distances, and uncertainties in the radius and 
albedo of Planet Nine could yield fainter objects.”

Brown & Batygin (2021): “After updating calculations of observational 
biases, we find that the clustering remains significant at the 99.6% 
confidence level.”











Roche Limit


